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Abstract 
Superconducting passive microwave devices unlike routine normal conductor ones, due to dependence of superfluid 
density (ns) to current distribution, have a nonlinear behavior called Nonlinear Meissner Effect (NME). In this paper, 
a nonlinear distributed circuit model for HTS transmission lines with sub-wavelength longitudinal non-uniformity in 
the case of weak nonlinearity is proposed. This model is based on the quasi-TEM approximation of sub-wavelength 
non-uniform transmission lines (SW-NUTLs) that proposes closed form formulas for effective characteristic 
impedance and complex propagation constant of SW-NUTLs. Any NUTLs can be modeled with the mentioned 
method through dividing it into adequately small subsections to fulfill sub-wavelength condition. Regarding these 
propagation parameters relations, some effective equations for RLGC parameters are inferred. Because of 
dependence of the penetration depth and the real part of conductivity on ns, the proposed effective resistance and 
inductance depend on current distribution that in case of weak nonlinearity, follow a square-law form. As such the 
nonlinear microwave effects such as Intermodulation distortion (IMD) and harmonic generation can be calculated 
with harmonic balance (HB) Analysis. This semi-analytical approach shows great accuracy in different test cases. 
 
© 2011 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of Horst Rogalla and 
Peter Kes. 
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1. Introduction
The demand on the technological movement towards small scale device integration and high 
performance microwave integrated circuits (MIC) introduce new challenges to microwave engineers. One 
aspect of these challenges brings into play the use of non-uniform transmission lines (NUTLs) for 
different applications, e.g. pulse shaping  [1], antenna, filter  [2]. In particular, transmission lines (TLs) 
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with sub-wavelength non-uniformities could be of interest of further reduction the circuit size, and 
possibly to contrive novel elements with new properties. 
These NUTLs may be made of superconductors. Superconducting microwave devices are found very 
current density show nonlinear effects that named nonlinear Meissner effect (NME)  [6]. In literatures 
there is important role in recent communication systems. Microwave resonators, filters  [3], Duplexers [4], 
delay lines, antenna and couplers  [5] are the most important samples of utilizing superconducting 
microstrip transmission lines (SMTLs). These components, because of dependence of superfluid density 
(ns) to nonlinear circuit modeling for uniform superconducting transmission lines  [7]- [9], that can be 
analyzed by using some nonlinear analysis approaches such as harmonic balance (HB)  [10]. Here we 
proposed an effective nonlinear circuit modeling for superconducting NUTLs that may be used in 
different microwave devices. At first we presented a closed-form expression for effective characteristic 
impedance and complex propagation constant of a sub-wavelength NUTL and based on them, effective 
distributed circuit parameters are inferred and then extracted them for nonlinear analysis. To validate 
applicability of the proposed approach we compare nonlinear effect results of HB analysis by using our 
model against the results obtained by numerical method. 
2. Nonlinear Circuit Model 
We proposed an approximation solution for Telegrapher’s equations (based on an estimation of the 
chronological ordering operator) to obtain the transfer matrix of a NUTL with characteristic impedance of 
Zch(x) and complex propagation constant of Ȗ(x) as in below: 
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 This approximation for transfer matrix is almost correct if geometrical variations of transmission line 
or period of non-uniformity of NUTL related to wavelength be very small that named sub-wavelength 
NUTL. Therefore with comparison of this matrix and the transfer matrix of a uniform transmission line 
with characteristic impedance of Zeff and complex propagation constant of effJ  for a NUTL with length 
of ‘L’ we obtain two closed form formulas for effective characteristic Impedance (Zeff) and effective 
complex propagation constant ( effJ ) for a sub-wavelength NUTL,  
012
12 21 0 0
21
0
( ) ( )( ) 1 1; ( ) ( ) { ( ) ( )} { ( ) / ( )}( )( )
( )
L
L LCh
eff eff Ch ChL
Ch
x Z x dxm L
Z m L m L x Z x dx x Z x dx
xm L L LdxZ x
J
J J JJ    u
³ ³ ³
³                                 (3) 
Finally the effective distributed circuit (RLGC) parameters for a SW-NUTL can be calculated as follows: 
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Fig 1. Nonlinear circuit modeling of a superconducting transmission line 
There is a well-known circuit modeling to analyze nonlinear effects in SMTLs as shown in Fig 1  [9]. 
In fact, dependency on current is considered for resistance and inductance of the distributed circuit 
parameters of a SMTL that can be written as follows:  
0 0( ) ( ); ( ) ( )R i R R i L i L L i '  '                 (5)   
Where based on NME, in small currents there is quadratic nonlinearity and in higher currents the 
nonlinearity is modules  [7]. 
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where Lq, Rq, Lm, Rm are constants. Based on the proposed effective RLGC parameters, we can extract 
the above-mentioned nonlinear circuit model for SW-NUTLs. 
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Therefore we can model a superconducting NUTL by a uniform SMTL with effective RLGC 
parameters and then for nonlinear analysis of the structure we can analyze it with HB method up to 
determined frequency which sub-wavelength criterion will be satisfied. 
3. Results and Discussion 
In this section we are going to evaluate the proposed models with comparison by numerical approach. 
For this purpose we consider a superconducting NUTL structure of 450nm YBCO on both sides of a 
1mm LaAlO3 substrate, as shown in Fig 2-a, in the case of weak nonlinearity that follow square-law form. 
All dimensions are in mm. we consider 'f=0.01f0, and input power of 30 dBm. We model this NUTL and 
then analyze it by HB method to obtain third order intermodulation distortion and third-harmonic 
generation. Result of the comparison between the numerical method and analyzing the mentioned 
structure at 77K by using the proposed model is shown in Fig 2-b. As can see in Fig 2-b the HB analyzing 
of the mentioned structure by using the proposed circuit model coincides quiet well with numerical 
method results in lower frequencies that sub-wavelength criterion is satisfied and in higher frequencies, 
error of the proposed approach is increased. Additionally any NUTLs can be modeled with the mentioned 
method through dividing it into adequately small subsections to fulfill sub-wavelength condition. 
4. Conclusion 
In this paper we proposed nonlinear circuit models for superconducting microstrip SW-NUTLs based 
on effective RLGC parameters that are given by approximate solution of the Telegrapher’s equations. We 
show that third order intermodulation and third order generated harmonic obtained by HB analysis with 
proposed modeling for a sample superconducting NUTL has good accordance with results of numerical 
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                                                               (a)                                                                                               (b) 
Fig 2. a) Considered structure of superconducting NUTL for evaluation of the proposed models  b) Comparison of third 
order intermodulation and third-harmonic generation of the numerical method against the proposed approach for Pin=30dBm 
2 4 6 8 10 12 14 16 18 20
-40
-35
-30
-25
-20
-15
-10
-5
0
Frequency (GHz)
dB
m
 
 
IM3 from Numerical Method
IM3 from Proposed Approach
P3 from Numerical Method
P3 from Proposed Approach
method in small enough frequencies where sub-wavelength condition is realized. This analysis approach 
can be used for any superconducting NUTLs by dividing it into small enough subsections to fulfill sub-
wavelength criterion.   
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